or inequalities of the conventional frames on the basis of the work in originally in Balan et al. (2007) .
Preliminaries
First we will briefly recall the definitions and basic properties of fusion frames. For more details we refer to Casazza and Kutyniok (2004) and Asgari and Khosravi (2005) . Throughout the paper, H is a Hilbert spaces, and I = {1, 2, . . . , M} is a subset of N, I H denotes the identity operator on H.
A family of the vector � = {ϕ i } i∈I ⊂ H is called a frame, if there exist constants 0 < A ≤ B < ∞ such that for any f ∈ H,
The constants A and B are known respectively as the lower and upper frame bounds.
Definition 1 Let {W i } i∈I be a sequence of closed subspaces in H, and {w i } i∈I be a family of weights, i.e., w i > 0 for all i ∈ I. Then W = {(W i , w i )} i∈I is a fusion frame, if there exist constants 0 < C ≤ D < ∞ such that for any f ∈ H where π W i denotes the orthogonal projection of H onto W i . We call C, D the fusion frame bounds. The frame W = {(W i , w i )} i∈I is called a tight fusion frame if C = D, and is called a Parseval fusion frame if C = D = 1. If we only know that W = {(W i , w i )} i∈I satisfies the upper inequality in (2), then W = {(W i , w i )} i∈I is called a Bessel fusion sequence with Bessel bound D.
Let W be a Bessel fusion sequence for H. The synthesis operator T * : l 2 (I) → H is defined by The adjoint operator T : H → l 2 (I) given by T (f ) = {w i π W i (f )} i∈I is called the analysis operator. In Casazza and Kutyniok (2004) we know that which is a bounded, self-adjoint, positive and invertible operator with CI H ≤ S ≤ DI H , and satisfies Then the following standard reconstruction formula takes places for all f ∈ H, Casazza and Kutyniok (2004) define the dual fusion frame of fusion frame, which is similar to the canonical dual frame in the classical frame theory.
Definition 2 (Casazza and Kutyniok 2004) Let {(W i , w i )} i∈I be a fusion frame with fusion frame operator S.
If W = {(W i , w i )} i∈I is a Bessel fusion sequence in H, for every J ⊂ I we define the operator S J by it is trivial to show that S J is a self-adjoint, bounded linear operator in H, and denote J c = I \ J.
Gǎvruţa (2007) gives a more general alternate dual reconstruction formula, that is, given a fusion frame W = {(W i , w i )} i∈I with frame operator S and a Bessel sequence
In this case we call V = {(V i , v i )} i∈I an alternate dual fusion frame of W = {(W i , w i )} i∈I .
In the study of longstanding conjecture of signal processing community: a signal can be reconstructed without information about the phase. Balan et al. (2006) found some new frame equalities. In order to compare with the "Main results" section, we list the important equalities in Balan et al. (2007) as follows.
Theorem 1 (Balan et al. 2007 ) Let {f i } i∈I be a Parseval frame for H. Then for any J ⊂ I and f ∈ H we have Remark 1 A frame {g i } i∈I is called alternate dual frame of {f i } i∈I and f = i∈I �f , g i �f i , f ∈ H. Then we get a more general result about the alternate dual frame (Gǎvruţa 2006 ).
Theorem 2
Let {f i } i∈I be a frame for H with an alternate dual frame {g i } i∈I ⊂ H. Then for any J ⊂ I and any f ∈ H we have
Zhu and Wu (2010) generalized the equality (5) to a more general form which does not involve the real parts of the complex numbers.
Theorem 3 Let {f i } i∈I be a frame for H and {g i } i∈I ⊂ H is an alternate dual frame of {f i } i∈I . Then for any J ⊂ I and f ∈ H we have Next, we extended this equality to fusion frame.
Main results
Motivated by the work of Balan et al. (2007) and Gǎvruţa (2006) , in this section, we continue this work about fusion frames and get some important equalities and inequalities of these frames in a different case.
Lemma 1 (Zhu and Wu 2010) Let P and Q be two linear bounded operators on H such that P + Q = I H . Then P − P * P = Q * − Q * Q. Now, we present main theorems of this section.
Theorem 4 Let {(W i , w i )} i∈I be a fusion frame for H with the fusion frame operator S, {(V i , v i )} i∈I is the alternate dual fusion frame of {(W i , w i )} i∈I . Then, for any J ⊂ I and any f ∈ H, Proof For any J ⊂ I, we define a bounded linear operator S J as (5)
Clearly, S J + S J c = I H . This, together with Lemma 1, implies that
In the situation of Parseval fusion frames the equality is of special form. □ Corollary 1 Let {(W i , w i )} i∈I be a Parseval fusion frame for H with the fusion frame operator S = I H , {(V i , v i )} i∈I is the alternate dual fusion frame of {(W i , w i )} i∈I . Then, for any J ⊂ I and any f ∈ H, Remark 2 Clearly, when the dual fusion frame of {(W i , w i )} i∈I is itself, i.e., {(V i , v i )} i∈I = {(W i , w i )} i∈I , which was obtained Theorem 2.2 in Xiyan et al. (2009) as a particular case from the above result.
In fact, similarly to the proof of Theorem 4, we can give a more general result as follow. Moreover, the result has another proof in Xiao et al. (2014) .
Theorem 5 Let {(W i , w i )} i∈I be a fusion frame for H with the fusion frame operator S, {(V i , v i )} i∈I is the alternate dual fusion frame of {(W i , w i )} i∈I . Then, for any f ∈ H and any {b i } i∈I ∈ l ∞ (I), where b i is the conjugata of b i .
Remark 3 Let {(W i , w i )} i∈I be a tight fusion frame for H with the fusion frame bound A, and b i is real for any i ∈ I. In this case, using the Theorem 5, we obtain
Lemma 2 (Gǎvruţa 2006 ) Let P and Q are two self-adjoint bounded linear operators in H and P + Q = I H . Then we have Theorem 6 Let {(W i , w i )} i∈I be a fusion frame for H with the fusion frame operator S, {(S −1 W i , w i )} i∈I is the dual fusion frame of {(W i , w i )} i∈I . Then, for any J ⊂ I and any f ∈ H, we have Proof Applying S = S J + S J c, we have that I H = S Corollary 2 Let {(W i , w i )} i∈I be a tight fusion frame for H with the fusion frame bound A. Then
In addition, if {(W i , w i )} i∈I is a Parseval fusion frame for H, then we have Proof Since {(W i , w i )} i∈I be a tight fusion frame for H with the fusion frame bound A, then for any f ∈ H, and It follows from Theorem 6 that, for any f ∈ H, □ Theorem 7 Let {(W i , w i )} i∈I be a tight fusion frame for H with the fusion frame bound A. Then, for any J , E ⊂ I with J ∩ E = ∅, and any f ∈ H, we have Proof Applying Corollary 2 yields that
Similarly Corollary 3.6 in Xiao and Zeng (2010) , obtain
(11)
Corollary 3 Let {(W i , w i )} i∈I be a tight fusion frame for H with the fusion frame bound A. Then, for any J i ⊂ I, (i ∈ N ), where N ≥ 2 is a positive integer, with
where
Proof Applying (11), replace J and E by ∪
The inequality (10) in Corollary 2 leads us to introduce some notations v − (W, J ) and v + (W, J ). Let W = {(W i , w i )} i∈I be a Parseval fusion frame. For any J ⊂ I and f ∈ H, define and Theorem 8 v − (W, J ) and v + (W, J ) have the following properties:
Proof By inequality (10), to the fusion frames, which requires a lot of efforts to deal with. In this paper, we extend some equalities and inequalities of the frame to the fusion frames, which generalize and improve the remarkable results which have been obtained.
